


Chapter 4 


PRINCIPLE OF MATHEMATICAL 


INDUCTION 





4.1 Overview 
Mathematical induction is one of the techniques which can be used to prove variety 


of mathematical statements which are formulated in terms of n, where n is a 
positive integer. 


4.1.1 The principle of mathematical induction 
Let P(n) be a given statement involving the natural number n such that 
(i) The statement is true for n = 1, i.e., P(1) is true (or true for any fixed natural 
number) and 
Gi) If the statement is true for n = k (where k is a particular but arbitrary natural 
number), then the statement is also true for n= k + 1, i.e, truth of P(x) implies 
the truth of P(k + 1). Then P(n) is true for all natural numbers n. 


4.2 Solved Examples 


Short Answer Type 
Prove statements in Examples 1 to 5, by using the Principle of Mathematical Induction 
for alln e N, that : 
Example 1 1+34+5+..+(Qn-1l)=n 
Solution Let the given statement P(n) be defined as P(n) : 1 +3 + 5 +...+ (2n — 1) = 
n?, for n e N. Note that P(1) is true, since 
Pd):1=1° 
Assume that P(k) is true for some k € N, i.e., 
P(A): 14345+4+..4(2k-1) =k? 
Now, to prove that P(A + 1) is true, we have 
14345+4+..4+(Qk—-1)+ (2k+1) 
=k? + (2k + 1) (Why?) 
=ke+2k+1=(k+1) 
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Thus, P(k + 1) is true, whenever P(K) is true. 
Hence, by the Principle of Mathematical Induction, P(n) is true for all n € N. 


, for all natural numbers n > 2. 


n-l _ 
Example 2 F re+y=" Oe" 
t=l 


Solution Let the given statement P(n), be given as 


, for all natural numbers n > 2. 


P(n): Fesp- Oe 
t=] 


We observe that 


2-1 
PQ): È t+) = SIG+D =12 _123 
t=l t=1 3 


2 4-1) (2+1) 
3 


Thus, P(n) in true for n = 2. 

Assume that P(n) is true forn =k e N. 

k(k-1)(k+1) 
3 


k-1 

i.e., P(k): X t(t+1) 
t=1 

To prove that P(k + 1) is true, we have 


(k+1-1) 


k 
È t(t+l = Yit(t+1) 


t=l t=1 


+k(k+1) 


k-1 
= J t(t+1)+k(k+1) Ae 
t= 


k Kern] HED E+?) 


_ (k+D(K+D-D) (K+D+) 
B 3 
Thus, P(k + 1) is true, whenever P(K) is true. 





Hence, by the Principle of Mathematical Induction, P(n) is true for all natural 
numbers n 2 2. 
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Example 3 -i-i for all natural numbers, n = 2. 
2 


3° Ž 2n 


n 
Solution Let the given statement be P(n), i.e., 





1 1 1 1 1 1\_ n+l 
P(n): E . -32 || i- n , for all natural numbers, n 2 2 


n 
We, observe that P (2) is true, since 
1 1 4-1 3 2+1 
1-— |=1-— =- ——=-=—— 
2? 4 4 4 2x2 
Assume that P(n) is true for some k € N, i.e., 
1 1 1 k+1 
. -= . l-> ... 1-— =— 
a a ae” ie’: 
Now, to prove that P (k + 1) is true, we have 


1 1 1 1 
1 .1 


ad -1 
oh 3 k? (k+? 








| d k? +2k (k++ 
2k (k+?)  2k(k+1) 2(k+1) 
Thus, P (k + 1) is true, whenever P(k) is true. 

Hence, by the Principle of Mathematical Induction, P(n) is true for all natural 
numbers, n = 2. 
Example 4 2” -— 1 is divisible by 3. 


Solution Let the statement P(n) given as 
P(n) : 2” — 1 is divisible by 3, for every natural number n. 
We observe that P(1) is true, since 
2?-1=4-1 =3.1 is divisible by 3. 
Assume that P(n) is true for some natural number k, i.e., 
P(k): 2*— 1 is divisible by 3, i.e., 2™* — 1 = 3g, where q € N 
Now, to prove that P(k + 1) is true, we have 
P(k + 1): 27) — 1 = 2%? _ J] = 2% 2? J 
=2%* 4—1=3.2% +(2%*- 1) 
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= 3.2" + 3¢ 
= 3 (2% + q) = 3m, where m e N 
Thus P(k + 1) is true, whenever P(k) is true. 
Hence, by the Principle of Mathematical Induction P(n) is true for all natural 
numbers n. 
Example 5 2n + 1 < 2”, for all natual numbers n 2 3. 
Solution Let P(n) be the given statement, i.e., P(n) : (2n + 1) < 2” for all natural 
numbers, n = 3. We observe that P(3) is true, since 
23+tl=7<8=7 
Assume that P(n) is true for some natural number k, i.e., 2k + 1 < 2* 
To prove P(k + 1) is true, we have to show that 2(k + 1) + 1 < 2**'. Now, we have 
2(k+1)+1=2k+3 
=2k+1+2<2'+2<2%.2=2**!, 
Thus P(k + 1) is true, whenever P(k) is true. 


Hence, by the Principle of Mathematical Induction P(n) is true for all natural 
numbers, n > 3. 


Long Answer Type 


Example 6 Define the sequence a,, a,, a,... as follows : 


a,=2,a,=5a,_, for all natural numbers n > 2. 
(i) Write the first four terms of the sequence. 
(ii) Use the Principle of Mathematical Induction to show that the terms of the sequence 
satisfy the formula a, = 2.5" for all natural numbers. 
Solution 
(i) We have a, = 2 
a, = 5a,_, = 5a, = 5.2 = 10 
a, = 5a, | = 5a, = 5.10 = 50 
a, = 5a, = 5a, = 5.50 = 250 
(ii) Let P(n) be the statement, i.e., 
P(n) : a, = 2.5 "" for all natural numbers. We observe that P(1) is true 
Assume that P(n) is true for some natural number k, i.e., P(k) : a, = 25 


Now to prove that P (k + 1) is true, we have 
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Pk+1)2a@,,,=5.4,=5.05"°9 
= 2,5) = 2.58t v=! 
Thus P(k + 1) is true whenever P (k) is true. 
Hence, by the Principle of Mathematical Induction, P(n) is true for all natural numbers. 
Example 7 The distributive law from algebra says that for all real numbers c, a, and 
a, we have c (a, + a,) = ca, + ca,. 
Use this law and mathematical induction to prove that, for all natural numbers, n 2 2, 
if c,d,, a, ....a, are any real numbers, then 
Cata ct JE ca Cbs tn ed, 
Solution Let P(n) be the given statement, i.e., 
P(n) : c (a, +a, +... +a) = ca, +ca, +... ca, for all natural numbers n 2 2, for c, a,, 
a„ a, KR, 
We observe that P(2) is true since 
c(a, + a,) =ca, + ca, (by distributive law) 
Assume that P(n) is true for some natural number k, where k > 2, i.e., 
P(k) : c (a +a, + £+ 4, ca + cat Pt ca, 
Now to prove P(k + 1) is true, we have 
P(k + 1) : c (a +a, + Qt a,,)) 
=c (ge-ka, +... +a) GD 
=c (a +a, +... +a)+ca,,; (by distributive law) 
= CA, + CO, Ha a Ca, 
Thus P(k + 1) is true, whenever P (k) is true. 
Hence, by the principle of Mathematical Induction, P(n) is true for all natural 
numbers n = 2. 
Example 8 Prove by induction that for all natural number n 


sin & + sin (& + B) + sin (œ + 2B)+ ... + sin (& + (n— 1) P) 
sin (a+ B)sin (4) 


_ 2 
cal) 


Solution Consider P (n) : sin & + sin (Œ + B) + sin (œ + 2B) +... + sin (& + (n— 1) P) 
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sin a sin mp 
2 2 
B , for all natural number n. 
sin (£) 
We observe that 
P (1) is true, since 
sin (@+0) sinf 
P (1):sin&= ~ p 
sin — 
2 


Assume that P(n) is true for some natural numbers k, i.e., 
P (k) : sin a + sin (& + B) + sin (œ + 2B) +... + sin (@ + (k — 1)B) 


k-1,. . (kB 
sin (+B) sin (=) 


a 


Now, to prove that P (k + 1) is true, we have 
P(k+1):sina+sin (a + B) + sin (œ + 2B) +... + sin (a + (k — 1) B) + sin (a + kB) 


sin atp sin( £P) 


= +sin (&+ kb) 
k sin[ a=" sin P sin(a eB)sin 
sinf 
cos( a$ J-cosf aep- ]roos{asrp-È -cos a+rp+) 
j B 


2sin 
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cos[ a- P) eos [+B R) 


B 


2sin — 
2 


sin( a+4P )sin( SEP) 


p 


sin — 
2 


sina‘? ) sin «+n(6) 
B 














sin 


Thus P (k + 1) is true whenever P (k) is true. 


Hence, by the Principle of Mathematical Induction P(n) is true for all natural number n. 


Example 9 Prove by the Principle of Mathematical Induction that 
1x 1!4+2x2!4+3x3!4+..4+nxn!=(n +1)! —1 for all natural numbers n. 


Solution Let P(n) be the given statement, that is, 
Pin): 1x 1!4+2x2!4+3x3!4+..4+nxn!=(n+4 1)! —1 for all natural numbers n. 
Note that P (1) is true, since 
P():1xl!=1=2-1= 2! -1. 

Assume that P(n) is true for some natural number k, i.e., 
P(k):1x1!+2x2!+3x3!+..+kxk!=(k+1)!-1 
To prove P (k + 1) is true, we have 
P(k+1):1x1!+2x2!+3x3!+..+kxk!+(k+1)x(k+1)! 

=(k+1)!-1+ (k+1)! x (k+1) 

=(K+14+1) (k+1)!-1 

=(k+2)(kK+1)!-1= ((K+2)! -1 
Thus P (k+ 1) is true, whenever P (k) is true. Therefore, by the Principle of Mathematical 
Induction, P (7) is true for all natural number n. 


Example 10 Show by the Principle of Mathematical Induction that the sum S, of the 
n term of the series 1? +2 x 27+ 3°4+2x4+4+5°4+2x 6°... is given by 
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n(n+ D’ 
2 
n 2 
n (n+l) 
2 


, if nis even 


, if nis odd 


2 
n(n+1 ; 
Mar when n is even 


Solution Here P(n) : S, = 


2 
EO. when n is odd 


Also, note that any term T, of the series is given by 


n 


n? if nis odd 
2n? if nis even 


We observe that P(1) is true since 


1.2. 17.041) 
~ 2X 
Assume that P(k) is true for some natural number k, i.e. 
Case 1 When k is odd, then k + 1 is even. We have 
P(k+1):S, = 1? ROSA? +... +k +2x(k +1? 


P(1):S,=1=1 





Re (k+D 
~ 2 


(k +1) l (k +1) 
=~ [P+ 4k + 1)] (as kis odd, 12+ 2x 2? +.. +E M 


+2x(k+1) 


k+1 
> (> aera 


k+l (k+l) +17 
a 2 
So P(k + 1) is true, whenever P(k) is true in the case when k is odd. 
Case 2 When k is even, then k + 1 is odd. 


(k+2)°=(k + 1) 
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Now, P(k+1):177+2x2?4+..4244+(k+ 1) 


2 
k(k+1 
AU es 1) (as kis even, 1? +2 x 2? +... + 2k = 


2 
k (k +1) ) 
2 





(K+1) k+2) _ (k+? (k++) 
2 2 


Therefore, P (k + 1) is true, whenever P (k) is true for the case when k is even. Thus 
P (k + 1) is true whenever P (k) is true for any natural numbers k. Hence, P (n) true 
for all natural numbers. 


Objective Type Questions 
Choose the correct answer in Examples 11 and 12 (M.C.Q.) 
Example 11 Let P(n) : “2” < (1 x2 x3 x... xn)”. Then the smallest positive integer 
for which P (n) is true is 
(A) 1 (B) 2 (C) 3 (D) 4 
Solution Answer is D, since 
P (1): 2< 1 is false 
P (2): 2? < 1 x 2is false 
P (3):2° < 1 x2 x 3 is false 
But P (4):2f< 1x2 x3 x4 is true 
Example 12 A student was asked to prove a statement P (n) by induction. He proved 


that P (k + 1) is true whenever P (k) is true for all k> 5 € N and also that P (5) is true. 
On the basis of this he could conclude that P (n) is true 


(A) forallne N (B) foralln>5 
(C) foralln25 (D) foralln<5 


Solution Answer is (C), since P(5) is true and P(k + 1) is true, whenever P (Ñ) is true. 
Fill in the blanks in Example 13 and 14. 


Example 13. If P (n) : “2.4” +! + 3°"! is divisible by À for all n e N” is true, then the 
value of A is 


Solution Now, for n = 1, 
2.47! + 3341 = 2 43 + 34= 2.64 + 81 = 128 + 81 = 209, 
for n = 2, 2.45 + 37=8.256 + 2187 = 2048 + 2187 = 4235 
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Note that the H.C.F. of 209 and 4235 is 11. So 2.47"! + 3°"! is divisible by 11. 
Hence, A is 11 


Example 14 If (n) : “49" + 16" + kis divisible by 64 for n € N” is true, then the least 
negative integral value of k is 


Solution For n = 1, P(1): 65 + kis divisible by 64. 
Thus k, should be — 1 since, 65 — 1 = 64 is divisible by 64. 


Example 15 State whether the following proof (by mathematical induction) is true or 
false for the statement. 


n(n +1) (2n +1) 
6 


Proof By the Principle of Mathematical induction, P(n) is true for n= 1, 


P(n): 174+ 2? +.. +n? = 


_ 1d+) 2-141) 


k(k +1) (2k +1) 
6 ww aS. Now 


Ps1 
6 


. Again for some k 2 1, k? = we 


prove that 


nd (K+) (K+D 4+) Q2k4+D4+D 
~ 6 





(k + 1)? 


Solution False 


Since in the inductive step both the inductive hypothesis and what is to be proved 
are wrong. 


4.3 EXERCISE 


Short Answer Type 


1. Give an example of a statement P(n) which is true for all n = 4 but P(1), P(2) 
and P(3) are not true. Justify your answer. 


2. Give an example of a statement P(n) which is true for all n. Justify your answer. 


Prove each of the statements in Exercises 3 - 16 by the Principle of Mathematical 
Induction : 


4" — 1 is divisible by 3, for each natural number n. 
23"— 1 is divisible by 7, for all natural numbers n. 


n? —7n + 3 is divisible by 3, for all natural numbers n. 


ro a 


3°"— 1 is divisible by 8, for all natural numbers n. 
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For any natural number n, 7” — 2” is divisible by 5. 


For any natural number n, x" — y" is divisible by x — y, where x and y are any 
integers with x + y. 


n? — nis divisible by 6, for each natural number n = 2. 
n (n? + 5) is divisible by 6, for each natural number n. 
n? < 2” for all natural numbers n > 5. 


2n < (n + 2)! for all natural number n. 





1 1 1 
Jn < Tt a an for all natural numbers n > 2. 


24+44+6+...42n =n’? +n for all natural numbers n. 
14+24+2?4+...+2"= 2"! — 1] for all natural numbers n. 
14+54+9+4...+ (4n—-3) =n (2n- 1) for all natural numbers n. 


Long Answer Type 


Use the Principle of Mathematical Induction in the following Exercises. 


17. 


18. 


19. 


20. 


21. 


22. 


A sequence a, d,, a, ... is defined by letting a, = 3 and a, = 7a,_, for all natural 
numbers k 2 2. Show that a, = 3.7"! for all natural numbers. 

A sequence b,, b,, b, ... is defined by letting b, = 5 and b,= 4 + b,_, for all 
natural numbers k. Show that b = 5 + 4n for all natural number n using 


mathematical induction. 
d,- 
A sequence d, d,, d, ... is defined by letting d, = 2 and d, =— for all natural 


2 
numbers, k 2 2. Show that d = F forall ne N. 
aS n! 


Prove that for all ne N 
cos & + cos (Œ + B) + cos (œ + 2B) +... + cos (a + (n — 1) P) 


sole E 


p 














sin — 
2 sin2”0 
Prove that, cos 8 cos 20 cos2°8 ... cos2"'0 =——— forall ne N. 
2” sin @ 
i +1 
anne a a ) 9 
Prove that, sin O + sin 20 + sin 30 + ... + sin nð = A ,forallne N. 
sin — 
2, 
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5 3 


7 
23. Show that eae is a natural number for all n e N. 


24. Prove that l + 1 +...+ l a) , for all natural numbers n> 1. 


ntl nt+2 — 2n 24 





25. Prove that number of subsets of a set containing n distinct elements is 2”, for all 
neN. 


Objective Type Questions 
Choose the correct answers in Exercises 26 to 30 (M.C.Q.). 
26. If 10" +3.4"" +k is divisible by 9 for all n e N, then the least positive integral 


value of k is 
(A) 5 (B) 3 (C)7 (D) 1 
27. Forallne N, 3.57"! + 23"! is divisible by 
(A) 19 (B) 17 (C) 23 (D) 25 
28. Ifx"— Lis divisible by x — k, then the least positive integral value of k is 
(A) 1 (B) 2 (C) 3 (D) 4 


Fill in the blanks in the following : 
29. If P(n): 2n<n!,neéN, then P(n) is true for all n > 
State whether the following statement is true or false. Justify. 
30. Let P(n) be a statement and let P(k) = P(k + 1), for some natural number k, 
then P(n) is true for all n € N. 


———> © <a 
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